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We derive the optimal exponent of the error probability of the quantum fixed-length pure state 
source coding in both cases of blind coding and visible coding. The optimal exponent is universally 
attained by Jozsa et al. (PRL, 81, 1714 (1998))'s universal code. In the direct part, a group 
representation theoretical type method is essential. In the converse part, Nielsen and Kempe (PRL, 
86, 5184 (2001))'s lemma is essential. 
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I. INTRODUCTION 

As was proven by Schumacher (l) , and Jozsa and Schu- 
macher we can compress the unknown source state 
into the coding length nH(j) p ) with a sufficiently small 
error when the source state on n quantum systems obeys 
the n-independent identical distribution (i.i.d.) of the 
known probability p, where ~p p := ^2 p p{p)p and H(p) is 
the von Neumann entropy — Tr p log p. Jozsa and Schu- 
macher's protocol depends on the mixture state ~p p , and 
in this protocol, the coding length is independent for the 
input. Therefore, this type code is called a quantum fixed 
length source code. 

Concerning the quantum source coding, there are two 
criteria: One is the blind coding, in which the input is an 
unknown quantum state. The other is the visible coding, 
in which the input is classical information that deter- 
mines the quantum state, i.e., the encoder knows the in- 
put quantum state. When a source consists of pure states 
and depends on an i.i.d. distribution of the probability p, 
the bound of the compression rate (i.e. the minimum ad- 
missible rate) equals the entropy rate H(~p p ). The proof 
of this statement is divided into two parts: One is the 
possibility to compress the quantum source into a larger 
rate than the entropy rate, which is called the direct part. 
The other is the impossibility to compress the quantum 
source into a smaller rate than the entropy rate, which 
is called the converse part. The former is given by Schu- 
macher's result. The latter was proven by Barnum et al. 
H only in the blind case, however Horodecki M\ proved 
it in both cases by a simpler method. Winter |5 proved 
that the both settings have the strong converse property, 
i.e. if we compress into a smaller rate than the entropy 
rate, the average error goes to 1. Moreover, depending 
only on the coding length nR, Jozsa et al. Q constructed 
a code which is independent of the distribution which the 
input obeys. In their protocol, the average error tends 
to when H(p) < R. Such a code is called a quantum 
universal fixed-length source code. Of course, we can con- 
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sider a quantum variable-length source code, but discuss 
it in another paper 0. 

However, only with the knowledge of the minimum ad- 
missible rate we cannot estimate what a compression rate 
is available for a given error 6 > and a given integer n. 
For such an estimate, we need to discuss the decreasing 
speed of the average error for a fixed rate R. In the clas- 
sical information theory, in order to treat this speed, we 
focus the exponential rate (exponent) of the error prob- 
ability, and the optimal exponent is greater than zero 
when the coding rate R is greater than the entropy rate. 
Conversely, when the rate R is smaller than the entropy 
rate, the correct probability exponentially goes to zero. 
These optimal exponents have been already calculated 
by using type method, (see Csiszar and Korner Q). 

In this paper, we treat only a quantum fixed-length 
code at both criteria in the case where any source con- 
sists of pure states. We optimize the exponents of the 
average error and the average fidelity in sec. III. Using a 
group representation theoretical type method introduced 
in Appendix [§], we derive an upper bound of the error 
of the quantum universal fixed-length source code con- 
structed by Jozsa et al. for any n and any R as (|2C|), 
( pl| ) and ( p^ ) in sec. |y|. This upper bound yields its 
attainability of the optimal exponents. In sec. [VJj, non- 
existence of a code exceeding the exponents is proven, 
which is called the converse part. In the converse part, 
an inequality is essential and is proven from Nielsen and 
Kempe's lemma |)| in sec. [v| 



II. SUMMARY OF PREVIOUS RESULTS 

Blind and visible codes are mathematically formulated 
as follows. Assume that a quantum pure state pi on Ji 
corresponding to label i £ 3 is generated with probability 
Pi . We denote the set of quantum states on TL by S(TL). 
Therefore, the source is described by {pi,Pi}i£E- In the 
blind setting, the encoder is described by a CP map E 
from S(H) to S(IC), and the decoder is described by a 
CP map D from 5(/C) to S(H). The average error is 
given by e(E, D) := X^es-P^ 1 _Tr D ° E (Pi)pi)i and the 
average fidelity is given by X^e-K^rl? o E(pi)pi. We 
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call a triple (AC, E, D) a blind code. 

In the visible setting, the encoder is described by a map 
F from S to <S(AC). Then, the average error is given by 
e(F,D) := J2iesPi( 1 ~ TrDoF ( i )Pi)- In this setting, we 
treat the trade-off between decreasing dim AC and e(F, D). 
We call a triple (AC, E, D) a blind code. Similarly, we call 
a triple (AC, F. D) a visible code. In the both settings, we 
treat the trade-off between decreasing dim AC and e(E, D) 
(e(F,D)). 

A blind code (AC, E, D) can be regarded as a visible 
code in the case where F(i) := E(pi). We have more 
choices in the visible setting than in the blind setting. 
A blind code is used for saving memories in quantum 
computing. A visible code is used for efficient use of 
quantum channel in quantum cryptography, for example, 
the B92 protocol @, @- 

In the n-i.i.d. setting, the quantum state p n | := 
Pi 1 ® pi 2 ® • • • ® pi n on the tensored Hilbert space Ji® n 
generates with the probability p n ? := Pi x Pi 2 ■■ 

where i„ = (ii, 12, ■ ■ • , This setting is written by 
the source {p n ? > £> n | }j , which is called a n-discrete 
memoryless source (DMS) generated by the source 
{Pi;Pi}ieH- Now, we define the minimum admissible rate 
RB{{pi,Pi}ies) (Rv({pi,Pi}ies)) and the converse min- 
imum admissible rate Rg({pi,pi} ieS ) (R v ({pi,pi} ieS )) 
of the DMS generated by {pi,Pi}i£~ in the blind setting 
(in the visible setting) as follows, respectively. 



RB({Pi,Pi}i£E.) 



= inf < lim — log dim AC„ 
I n 

Rv({PnPi}it~) 

= inf < lim — log dim AC„ 
I n 

RB~({pi,Pi}i£3) 



lim — log dim AC r 

n 



= inf 



3{(IC n ,E n ,D n )}, 
e(E n ,D n )^Q 



3{(JC n ,F n ,D n )}, 
e(F n ,D n )^0 



3{(}C n ,E n ,D n )}, 
lim e(E n , D n ) < 1 
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:= inf < lim — log dim AC„ 

n 



3{(1C n ,F n ,D n )}, 
lim e(F n ,D n ) < 1 

The following theorem is a known result. 

Theorem 1 The equations 

RBdPhPihes) = Rv({pi,Pi}iez) = Rg{{p t ,p t } ie s) 
= Ry({p i ,p i } ieS )=H(p p ) (1) 

hold, where ~p p := J^iesPiPi an d H{p) denotes von Neu- 
mann entropy — Trplogp. 

Since the following relations 

RB({pi,Pi}ies) > Rv({pi,Pi}ies), 

R B ({Pt-.Pi}t^) > Rv({Pi>Pi}ies)> 

RBdPhPijies) > RidPuPijies), 
Rv({Pi,Pi}ies) > Rv({Pi,Pi}ies) 



are trivial, it is sufficient for (fil) to prove 



RB({Pi,Pihes) < H(p), R v ({p h pi} ie s) > H(p). 



Schumacher jlj proved the direct part: 
Rs({PiiPi}i&s) < H(ji p ), and Jozsa-Schumacher 
Q simplified it. Barnum et al. [^) proved the weak 
converse part: i?s({pi, Pi}ies) — H{p p ) of the blind 
case, and Horodecki [|| proved the weak converse 
part: Rv({PhPi}ies) > H(fip) °f the visible case, 
which is a stronger argument than the one of the blind 
case. Winter |g[ obtained the strong converse part: 
RjA{Pi,Pi}ies) > H(p p ). Moreover, Pctz and Mosonyi 
|12| treated the general stationary case, in which there 
are memory effects. 



III. MAIN RESULTS 



Next, we define the exponents of the average 
error (the reliable functions) r e B {R\{Pi,Pi}ies) 
and r e v(R\{pi,Pi}ieB.), and the exponents of the 
average fidelity (the converse reliable functions) 
K, B ( R \{Pi'Pi}ies) and r* y(R\{pi,Pi}i e s) by 



r e ,B{R\{pi,Pi}ies) 



-- sup \ lim — log e(E n , D n ) 
( n 

re,v(R\{pt,Pi}i£s) 



:= sup 1 lim — log e(F n , D n ) 
y n 

r*e,B{R\{Pi'Pi}ies) 

■- i n f J BE Zl log(l - e {E n , £>„)) 
y n 

Ky{R\{Pi,Pi}i£z) 

■- i n f J US — log(l - e(F n , £>„)) 
n 



3{(AC„, £„,£>„)}, 
lim — log dim AC„ < R 

3{(AC„,F n , £>„)}, 
lim — log dim AC„ < R 



3{()C n , E n ,D n )}, 
lim i log dim AC„ < R 

3{(AC n) F„, £»„)}, 
lim — log dim AC„ < R 



The following is the main theorem. 



Theorem 2 Assume that < R < \ogd and d = dimTi. 

We diagonalize ~p p as ~p p = a,-|ej)(e,-| such that a$ > 
a,-_(-i. Then, a := {ai} is a probability distribution on 
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{1 , . . . , d} . The relations 

r e . B {R\{PtiPi}ie-z) = reyiRliPt^Pijiez) 

= max A ->*-*(«) (2) 

0<s<l S 

= min D(blla) (4) 

H(b)>R 

K,B( R \{pi>Pi}ies) > r* v (R\{p l:Pl } ieE ) 

(l-s)R-iP(s) 
— sup (5) 

s>l S 

= min D(a\\p p ) (6) 
= min D(blla) (7) 

H(h)<R. 

hold, where ip(s) denotes the Reny entropy logTrpp, 
Z?(cr||p) denotes the quantum relative entropy Tr a (log a— 
logp), and b denotes a probability on {1, . ..,d}. 

Our proof of Theorem ^ is outlined as follows. Since any 
blind code can be demonstrated as a visible code, the 
relations 

r e ,B(R\{pi,Pt}ies) <r e y(R\{pi,Pi}ieE) (8) 
<B(fl|{Pi,Pi}ieE) > rl v (R\{p hPi } ieS ) (9) 



are trivial. In sec. IV, we universally construct the op- 
timal quantum fixed-length code with the rate R. This 
construction is independent of ~p p , and depends only on 
the rate R. From this construction, we obtain 

r e , B (R\{pi,Pi}ies) > mm £>(b||a) (10) 

H(h)>R 

rt y (R\{p h pi} i& ) < min £>(b[[a), (11) 

H(b)<R 



which is called the direct part. In sec. VI 



we prove 



,^, r -\ > (1 — s)R — ip(s) , „. 
r e , v {R\{p hP i} ie u) < max ^ '- ^ (12) 

0<s<l S 



' e,V 



(i?|{pi,Pi} ieS ) > Sup 



(1- s)R -ip(s) 



(13) 



which is called the converse part. The equivalence be- 
tween RHSs of and (§) (©,© and @) is 
proven in Appendix |Ajrespectively. 

Remark 1 The inequality r e _v{R\{pi,Pi}ies) > 
min{ D (a \\p)\H (a) < R} was proven by Winter J^/. 

Remark 2 We can adopt another criteria for error as: 
e b {E,D) ^p*(l - y/Tr D o F( Pi ) Pi ) 

e b (F,D) :=53jj((l- y/Ti D o F(i) Pi ). 



Note that (1 - y/Tr D o F(i) Pi ) = (1 - Tr \D o F{i) Pi \) 
equals Bures distance. In this case, we can de- 
fine other reliable functions r e .B,b(R\{pi,Pi}i£E) and 
r e,v,b{R\{pi,Pi\i£B) , and other converse reliable func- 
tions rl Bb (R\{pi, Pi } ieS ) and r* e Vb (R\{ Pi , Pi } ieS ) by 



r e ,B,b{R\{pi,Pi}iez) 



-1 



:=sup ^ lim — log e b (E n ,D n ) 

r e ,v,b(R\{Pi,Pi}ieE.) 
:= sup { lim — log e b (F n , D n ) 



3{{IC n ,E n ,D n )}, 
lim i log dim JC n < R 

3{(/C„,F„,A0}, 
lim — log dim JC n < R 



r *e,B,b{R\{PnPi} 



3{QC n ,E n ,D n )}, 
lim — log dim K. n < R 

3{{fCn,F n ,D n )}, 
lim ~ log dim K n < R 

As P roven in A PP endix^, the following relations between 
two criteria 



:=inf {lim — log(l - e b (E n ,D n )) 
( n 

rt,V,b{ R \{pUPi}i£B) 

-1 



: inf < lim • 



log(l-e 6 (F n ,A0) 



r e ,B,b{R\{P^Pi\ieB.) = r e ^ B {R\{Pi,Pi\ieB.) (14) 

r e .y,b{R\{PnPi\ieE.) = r e ,v{R\{Pi,Pi}i£E) (15) 

r*e,B( R \{Pi>Pih&) > r* etB , b (R\{pi,Pi}ies) (16) 

rlv( R \{Pi>Pi}ies) > r*v, b {R\{pi,Pi}ies) (17) 



hold. 



IV. CONSTRUCTION OF A UNIVERSAL 
FIXED-LENGTH SOURCE CODE TO ACHIEVE 
THE OPTIMAL RATE 

We construct a universal quantum fixed-length source 
code to achieve the optimal rate in Theorem |^. 
For any r > and R > 0, the set {p S 
S(H)\miii H ^ >R D(a\\p) — r} is covariant for the ac- 
tions of the d-dimensional special unitary group SU(c?), 
and any n-i.i.d. distribution P n is invariant for the action 
of the ro-th symmetric group S n on the tensored space 
Ti® n . Thus, our code should satisfy the invariance for 
these actions on 7i® n . 

Now, we focus on the irreducible decomposition of the 
tensored space 7i® n concerning the representations of S n 
and SU(d), and define the Young index n as, 



n 



(m, . . .,n d ), 



^2,rii = n,n,i > n i+ i, 

i=l 



and denote the set of Young indices n by Y n . Young 
index n uniquely corresponds to the irreducible unitary 
representation of S n and the one of SU(d). Now, we 
denote the representation space of the irreducible uni- 
tary representation of S n (SU(<i)) corresponding to n by 
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V n (tin), respectively. In particular, regarding a unitary 
representation of SU(d), Young index n gives the highest 
weight of the corresponding representation. Then, the 
tensored space 7i® n is decomposed as follows; i.e. 7i®" 
is equivalent with the following direct sum space under 
the representation of S n and SU(d). 

H 8 " = 0W n) W n :=U n ®V n . 
■ 1 

Since this representation of the group S n x SU(d) is uni- 
tary, any irreducible components W n are orthogonal with 
one another. For details, see Weyl |lj|, Goodman and 
Wallach Jl^l , and Iwahori [fl5| . The efficiency of this 
representation method was discussed from several view- 
points. Regarding fixed-length source coding, it was dis- 
cussed by Jozsa et. al. Regarding quantum relative 
entropy, it was by Hayashi]l6[. Regarding quantum hy- 
pothesis testing, it was by Hayashi|l7||. Regarding esti- 
mation of spectrum, it was by Keyl and Werner J18[. 

Next, we construct a blind code with rate R. We de- 
fine the Hilbert space K,R. n , the blind encoder -Er.„, the 
visible encoder Fr n and the decoder Dr „ by 



K 



R.n 



n:H(&)<R 



E R,n(p) -=PR t npPR,n + p{I - P R,n) 

„ ,t x PR,nP n ^PR,n 

fR,n(ln) 



Tr PR,nP ni i n PR,n 

DrAp) : =p> 

where we denote the projection to K,R^ n by Pr a 
Lemma 3 We define R n by 

Ad. 



R 



• log(n + d). 



(18) 



The rates of the blind code {(ICr^, E^ n , D r iTI )} and the 
visible code {(lCn, n , Fr,u, Dr,ti)} satisfies 



dim ICu n 



< e 



nR 



When the mixture ~p p of the source is diagonalized as 

^d 
■>3- 



X)j=i a jl e j)( e jl> we can evaluate the average errors as 
£{FR n ,n, Dr„ 



<(n + d) exp \-n min D(b||a) 

V H(b)>R n 

t{ER nt ni Dr„ 

<2(n + d) M exp 
l-e(F flB ,n,£> i i B , n ) 

d(d+l) / 

>(n + d) 2 exp — n min D 

\ ner„:H(f )<R„ 



n min Dfblla) 

H(b)>R n 



(20) 



(21) 



V n 



(22) 



where a is defined as a := {af\ and b = {bf\ denotes a 
probability on {1, . . . , d}. Taking the limit, we obtain 



lim — \oge(E Rnn ,D I ^ n )> min £>(b||a), 

n H(h)>R 



l im _l 0g (l_ e ( F ^ )) < min D(b||a). 

n ' H(b)<R 



(23) 

)• 

(24) 



Inequalities ( J23| ) and (|2j) imply (|10|) and (|llj), respec- 
tively. Conversely, the opposite inequalities of fl23| ) and 
(^J) are guaranteed by inequalities (|12] ) and (|l3|). 



Remark 3 The subspace KLr jTI is equal to the subspace 
T introduced by Jozsa et al. because both are invariant 
for the action of the symmetric group. Therefore, our 
code EiR n „ coincides with their protocol. 



Remark 4 Even if the source states pi are not pure, we 
can prove inequalities similar to (fl^j, ( pi[ ) and (j§£) by 
using some calculations similar to Appendix C in Hayashi 
and Matsumotojfy. However, in this case, this exponent 
does not seem to be optimal. 



Proof of Lemma Using Lemma 10, we can eval- 
uate as 



dim/C < {n + l) d max dimW n 

neY„:ff(^)<.R„ 

< (n + l) 2d max dimV„ 
neY„:H(^ )<R n 

2d„nR„ 



< (n + iy d (n + dY d e 



(19) Thus, we obtain (19). The average error of the visible 



code can be calculated as 



PR n ,nP n i PR n ,n 



l-TrP Rn , n J2 Pn,l n Pn,l n 



= (l-TrP fl „, n pf" 



i„<EH™ 

p 



Therefore, Lemma [TI] guarantees ( p0| ) and (|22|). Con- 
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versely, 



1 - Tr p t 



PRn,nP n> l n PR„,n + Tr p n ;JI - P Rn , n ) ^-^ 



R n ,n) 



/ 



< 



1 - V p 7 Trp 7 P fl 



V 




= 1 - (Trp®"P^ n ) 2 < 2 (1 - Trp®"P fl „,„) 
which implies (|2l|). 



V. NECESSARY INEQUALITY FOR THE 
CONVERSE PART 



For an Hermitian matrix X, we define the projections 
{X > 0}, {X < 0} by 

{X > 0} = ]T P„ {X < 0} = ^ Ej, 



Si>0 



Si <0 



where the spectral decomposition of X is given by X — 
y"V Sj-Ej (sj is an eigenvalue corresponding to projection 
JSj). Under a source {pi,Pi}i e H, the following lemma 
holds. 

Lemma 4 Any visible code (JC,F,D) satisfies the follow- 
ing inequalities 

e(F, D) + e A dim/C > Tr p p {p p - e A < 0} (25) 

1 - e{F, D) < e x dim/C + Tr p p {p p - e A > 0} 

(26) 

for VA G K. 

Moreover, the inequality 

l-e(F,D)< e x dim K + e ( 1 - s ) A +'« s ) (27) 

holds for VA G R,Vs > 1. 

For our proof of the above lemma, we require the fol- 
lowing two lemmas. 

Lemma 5 The set of visible encoders from S to S(IC) co- 
incides with the convex hull of the set of extremal points, 
which equals 



{F \F(i) is a pure state Vi G S} 



(28) 



Proof: If a visible encoder F satisfies that f(i) 
is a pure state for any i G 3, then F is an extremal 
point. It is sufficient to show that for any visible encoder 
E(i) = s ji\ ( t ) ji){4'ji\ is written by a convex hull of 
A visible encoder F(ji,j2, ■ ■ ■ ,j n ) defined by 

F(h,h, ■ ■ -,3n\i) = \<Pji){^ji\ 



belongs to (pq). 
obtain the lemma. 



Since the relation F = 
■ Sj n F(ji, j 2 , ■ ■ ■ ,j n ) holds, we 



Lemma 6 The set of decoders from S(JC) to S(Ti) coin- 
cides with the convex hull of the subset 



D 



There exists a Hilbert space Tt' and 
an isometry T from S(K) to S(H ®H') } . (29) 
such that D{p) = Tr-^< T(p). 



Proof: From the Steinspring representation theo- 
rem, there exist a Hilbert space K! and a unitary U on 
K ® KJ ® H and an element po G <S(/C' ® H) such that 

D{p) = Tr mK , Up ® p U*, Vp £ S(/C). 

Assume that po = J2j s j\4>j){4>j\- Then, the decoder Dj: 

Dj(p) = Tt mK ' UpSfoXfalU; Vp G S(K) 



belongs to (p9|). Since D = . SjDj, the proof is com- 
plete. ■ 
For a proof of Lemma ^, an entanglement viewpoint 
plays a essential role. A state p G S(Ha ® Hb) is 
called separable if there exist states pas G S(Ha), Pb.% G 
S(Hb) and a probability ft such that 



The following lemma was proven from the viewpoint of 
entanglement by Nielsen and Kempe ||. 

Lemma 7 When the state p G S^a^'Hb) is separable, 
the inequality 

max{TrPp^t|P : projection on H^rankP = k} 
> max{Tr Pp|P : projection on TLa ® H-b, rankP = k} 

holds for any integer k, where pa '■= Tr^ B p. 

Proof of Lemma^: From Lemma Band Lemma Bl i t 
is sufficient to show the inequalities (|2q), (Pq ) and ( p7| ) 
for the pair an encoder F belonging to (|28|) and a de- 
coder D belonging to (p9|). Assume that the Hilbert 
space TC satisfies that D(p) = Tr^/ T(p). The state 



P 



I Pi®lT(F(i)) Pi ®I 

TrT(F(i)) Pi ®I 



£ S(TL ® H') is pure and satisfies 
that TrD(F(i)) Pl = Tr T(F(i)) Pi <g> / = TrT(F(j))p<. 
Since Tr-^/ p^ = p i? there exists a pure state (Tj G S(H') 
such that p^ = pi®o~i. Since the state p^ := X)ies ftPi = 



6 



J2iezPiPi ® a i ^ S separable and p p = Tt-h' p' Lemma [?] 
guarantees that 

max{Tr Pp' p \P ■ projection on rank P = dim JC} 

<max{TrPp p |P : projection on W,rankP = dim/C}. 

(30) 

Since J > we have T(j) > T(F(i)). The relations 

^p,Tr^(F«) Pi = £>TrT(F(i))^ 

<^ Pj Trr(/)^ = Trr(/)p; (31) 

hold. The relations J > T(l) > and Tr T(j) = Tr/^ = 
dim /C imply that 



P : projection on H ® W, 
rank P = dim /C 

(32) 



TrT(/)p p < max ^ Tr Pp ? 



Assume that P is a projection on Ti whose rank is 
dim/C, then 



Tr(p p - e A )P < Tr(p p - e A ){p p 
Thus, we obtain 

Tr p p P < e A dim K, + Tr p p {p p - e A > 0} 
From ©, ©, © and @, 

l-e(F,D)=J2Pi^D(F(i))p i 

< max{Tr Pp' p \P ■ projection on H CS) Ti', rankP = dim/C} 
<max{TrPp p |P : projection on W,rankP = dim/C} 
<e A dim/C + Tr p p {p p - e A > 0}. 

We obtain®. Since Tr p p {p p -e A < 0} = 1-Trp p {p p - 
e A > 0}, the inequalities J25| ) and ( p^ ) hold. Applying 
Markov inequality (El) given in Appendix^ to the prob- 
ability a = {ai} and the random variable a\, we obtain 
the inequality 

Trp p {Pp - e A > 0} < e- tx Tr p p 1+t Vt > 0, 

where a±, . . . , are eigenvalues of p p . Substituting 1 + t 
for s, we obtain (27). ■ 



>0}. 



(33) 



Remark 5 Assume that D is not a CP map but a posi- 
tive map. In this case, the inequality 

1 - e(P, D) < 2e A dim/C + 2 Tr p p {p p - e A > 0} (34) 



/ioWs for VA 6 M instead of (j<?q). This inequality is 
proven in Appendix 



VI. PROOF OF THE CONVERSE PART OF 
THEOREM H 

First, using Lemma ^, we prove inequality (p^). 
r e , v (R\{pi,Pi}i & ) < max (1 ~ s)R - ^ . (35) 

0<s<l s 

Assume that a sequence of visible codes {(/C n , F n , D n )} 
satisfies that 



lim — log dim /C„ < R. 

n 

It follows from (E5T) in Lemma that 



e(F n ,D n ) >Trp® n {pf n -»~ nS 



<0} 



-nS 



(36) 



dim /C„ . 



When S-R> n{S) := lim =1 logTr pf "{p®™ - e"™ s < 
0}, 



lim loge(F n ,D n ) < V (S). 

n 



Therefore, we have 



lim log e(P„, D n ) < inf { V (S)\S -R> V (S)} 



= va£{n(S)\S - v(S) > R}. 



Now, applying ( E4 ) to the random variable — log di under 
the probability distribution a, we obtain 

V (S) =(l-s(S))-iP(s(S)) i{H(p)<S<-iP'(0) 
V(S) >t?(-^'(0)) if s > -#(0) 

t](S) =0 if S < H{p), 

where the dehnition of s(S) is given in Lemma ||in Ap- 
pendix When H{p) < S < -ip'(0), 



dy(S) 
dS 

d(S - R - ri(S)) 
dS 



l-s(S) >0 
s(S) > 0. 



When H(p) < R < logd = ^(0) = -i>'(0) - r/(-^'(0)), 
we obtain 

w£{n(S)\S - v(S) >R} = v(Sr) = s r -r. 

When < R < H(p), we obtain 

inf {77(5)15 - n(S) >R}< M{n(S)\S > H(p)} = 0. 

Using Lemma [| we obtain ( |l2| ) . 

Next, we prove (|l3|). Assume that a sequence of visible 
codes {(/C„, F n , D n )} satisfies that 



lim — log dim JC n < R. 

n 



(37) 
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When H(p) < R, it is trivial that 
hm--log(l-e(F n , £>„))> S. 



H(p) 



H(p) = 0. 



Lemma |9| implies ( |13[) . 

Assume that a\ — > a^+i and logfc < R < H{p). 
Since logTr(p® n ) s = mp(s), substituting A := —nS R and 
s := s(S R ) > 1 into (27), we have 



1 - e(F n D n ) < e - n ( S n- R ) + e -n(S R (l-s(S R ))-4,(s(S R ))) 

(38) 

Note that the definitions of S R , s(S) are given in Lemma 
|. Since S R -R = S R (1 - s(S R )) - ip(s(S R )), we have 



lim Iog(l-e(F„,D„)) > S h 

n 

_ (l-s(S R ))R + ^(s(S R )) 
s{S R ) 



R 



(39) 



where the last inequality follows from S R — 



obtained from (|A2j). From Lemma |9|, we obtain (J13|) . 

Assume that < R < logfc. Substituting A := 
— n(— logai — e) into (p7|), we have 

l-e(F n ,D n ) 
^g-n(-logoi-e-ii) _|_ e -n((-logoi-e)(l-s)-V(s)) 

for Ve > and Vs > 1. Since 

lim (— logai — e)(l — s) — tp(s) 

s — >oo 

fca s 

= lim e(s — 1) — log — ^ logai + log fc = oo, 

we have 

lim — log(l - e(F n ,D n )) >-lo gai -e-R. 
n 

Arbitrarity of e > implies 

\jm--\og(l-e(F ni D n )) > - logai - R. 



Lemma ^| implies (13) 



VII. DISCUSSION 

When the source pi is mixed and has no trivial redun- 
dancies, Koashi and Imoto |19 proved that the bound 
Rb equals H(p) in the blind case. Lemma || holds for 
the mixed case. However, its optimality is not proven in 
the sense of exponents in the mixed case. In this case it 
may not be optimal. 

It is interesting that our exponent corresponds to the 
exponents of the variable-length universal entanglement 
concentration given by Hayashi and Matsumoto pOj and 
the fixed-length entanglement concentration given by 



Hayashi et. al.[pl|. However, our error exponent cor- 
responds to the success exponent of [^] , and our fidelity 
exponent corresponds to the failure exponents of pp[ and 
plf . Note that in the optimal exponent r is given as 
the function of the rate R while in this paper and p0| , 
the rate R is given as a function the optimal exponent r. 
In addition, in quantum hypothesis testing, an error ex- 
ponent similar to (0) is given in Ogawa and Hayashi [B2[. 
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APPENDIX A: EQUIVALENCE BETWEEN 
DIFFERENT CHARACTERIZATIONS 

In the classical case, the exponent has two forms 
gHHI. Following Ogawa and Nagaoka ||, we prove 
this equivalence in the quantum source coding case. In 
this section we treat a state p :— J2i a i\ e i)( e i\^ an d the 
function ip(s) '■— l°gTrp s , where ai > Oi+j.. We assume 
that a\ — ak > a-k+i and d = dim7i. 

Lemma 8 // - logai < S < -ip'(0) and logfc < R < 
logd, we can uniquely define s(S) > and S R such that 



S = -i>'(s(S)l 

R = s(S R )S R + ip(s(S R )). 

Conversely, when R < log fc, 

R < -s^)'(s) +ip(s). 

Proof: Since 



(Al) 
(A2) 



(A3) 



Tr(logp)V Trp s - (Tr(logp)p s ) 2 
(TrT? 



> (A4) 



for s > 0, the function —ip'(s) is monotone decreasing. 
Because lim^oo — tp'(s) = logai, s(S) is uniquely de- 
fined in (— logai, —ip'(0)]. 

When S G (— logai, —ip'{0)], we can calculate 

-^s(S)S + ^(s(S)) = s(S) >0. 

As shown latter, the equation 

lim -ip'(s)s + ip(s) = log fc. (A5) 

s — *oo 

holds. Since 

-V>'(0)0 + ^(0) =V>(0) =d, 
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Sr also is uniquely denned. The inequality -g^(— sip'(s) + 
V>(s)) = -sip"(s) < yields Q. 

Finally, we show (A5). We calculate as 



-ip'(s)s + <ip(s) =Y J ~^oga i , * s +log^a| 

i=l ^J = l a j i=l 

= ~ s ^d 1 — ;log«. + logX! a j -logfca^ 



2^7 = 1 



+ -fcs- 



log ai + s log ai + log fc 



i=fc+i 2^j=i a 3 



log a, + log- 



fca? 



logai + logfc. 



The terms 



a 3 EJ? °- s 

■^rr 1 — 7 and JTd k+1 s ' exponentially go to 



as s — > oo. The term 



'—'3 = 1 3 



ka'i 



goes to 1. Thus, we obtain 



Lemma 9 When log fc < R < log d, the equations 

S R -R = S r (1 - s(S R )) - iP(s(S R )) (A6) 
_ (1-s(Sr))R-tP(s(S r )) 



s(Sr) 



(A7) 



= min D(b\\a) = min D(a\\p) (A8) 

H(b)=R H(a)=R 

hold, where a is a state on Ti. and h is a probability on 
{1, . . . , d}. When < R < log A;, the equations 

min ZXblla) = min D(a\\p) = - logai - R. (A9) 
H(b)=R h{<t)=r 



hold. When H(p) < R < logd 
R i?(b||a) = 

(1 - s)R - ip(s) 



Sr-R= min £>(b||a) = min D(a\\p) (A10) 



= max 

<s<l 



(All) 



= min -D(blla) = min D(a\\p) (A12) 

H(b)<R H(a)<R 



max ■ 

S>1 



(1- s)R-ip{s) 



(A13) 



When logfc < R < H{p), 
D(b 

R 

(1 - s)R - ^(s) 



= min D(b\\a) = min D(a\\p) (A14) 

H(b)>R H(a)>R 



max 

0<s<l 



(A15) 



Sr- R= min D(b\\a) = min D(a\\p) (A16) 

H(b)<fl H(<r)<fl 



max ■ 

S>1 



(l-s)E-^(s) 



(A17) 



Mien < i? < logfc, 



= min -D(blla) = min D(a\\p) (A18) 

H(b)>R H(a)>R 



— max 

0<s<l 



(1 - s)R - ip(s) 



(A19) 



logai-i?= min D(b\\a) = min D{o\\p) (A20) 

H{b)<R H(cr)<R 



sup ■ 

S>1 



(1 - s)i? - iP(s) 



(A21) 



Proof: Equation (A6) follows from (A2). Equation 
© yields 

R-j,( 8 (S R )) 
R s(Sr) ■ 

Sub stituting the abov e equation into Sr — R, we obtain 
(A7). We prove (A8). Assume that logfc < R < logd. 



Letting p s := tj^j, we calculate 
D(o-\\p) - D( Ps \\p) 
= TraQoga - logp) - Tr ^ flog ( ) log/; 



Tr p s 



\Tr p 6 



= Tr g ( log <7 — log 



Tr p 6 



Tr <r 



Tr p s 



log 



Trp £ 



logp 



--D(a\\ Ps ) - (1 - s) Tr ( a 
-H(a)+H(p s ) 



Tr a log (7 — log 



Trp s 



logp 



Trp 4 



I I - \J—:\\\og l " 



Trp s 



Trp 4 



=£>(<7||p s )+sTr [a- 



Tr p £ 



log p. 



Equation ( |A2j ) guarantees that H(p s (s R )) — R- Assuming 
that H(a) = R, we have 



D (<?\\Ps(s R )) 



s(Sr) 
1 



= - Tr (a - Ps(s R )) logp 



1 - s(S f 



(D(a\\p) - D( Ps{Sr) \\p) - D(a\\p siSR) )) 



D(a\\p) - D(p s(SR) \\p) = ——D(a\\p siSR) ) > 0. 

s \dR) 

It implies that 

D(p s{ s R )\\p) = min D(a\\p) = min £>(b||a). 

H{(T)—R H(h)—R 
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Note that p s is commutative with p. Equation ( [A2] ) yields 

D{Ps (Sr) \\p) =i>'(s(S R ))(l - s(S R )) - il>(e(S R )) 
=S R (l-s(S R ))-i>(s(S R )). 



Then, we obtain (A8). 

Next, we proceed ( A9|) and assume that < R < logfc. 
When H{a) = R, 

D{a\\p) = TraTogcr + Tro-(-logp) 
> -H{<j) + Tr cr(- log ai ) = -logai - R. 

Let c := {ci}i =1 be a probability whose entropy is R. 
Then we have 



D y^Cj|ej)(ej 



= )^Ci(\ogCi - logai) 



log ai — R. 



Thus, we obtain (LYg), which implies (A20) 



Taking the derivative with respect to R in (A2), we 
have 



di? S ^ flj s(5fl)V"(s(5 fl )) 



< 0. 



From (AI), we have 

-±(S R -R) = -i,"(s(S R ))-^s(S R ) 1 



1 - s(S n 
s(S R ) 



Thus, the function R i— > — is convex, and -jr(S r — 
R) = if and only if s(S^) = 1, i.e. J? = ff(p). The 
function takes minimum value at R = H(p) b ecaus e 
Su(p) - Hie) = °- Therefore, we obtain ( |A1C| ), ( |A12| ), 
(|A14) , (|A16|) , and flAls) ). 

Next, we discuss the other forms described by ip. We 
can calculate the derivatives as 



d (1 - - VO) -R- sip'(s) + ip(s) 



ds 



(A23) 



— (-i? - sV'(s) + 4>(s)) = -sip"(s) < 0, (A24) 
as 



where the last inequality follows from ( A4 ) . In ( A24 ) and 



(A4), the equalities hold if and only if s = 



As sum e logfc < R < logd. Since it follows from (AI) 
and ( |A2| ) that 



-R - s(S R )ip'(s(S R )) + iP(s(S R )) = 0, (A25) 
the equation 

(1 - s)R ~ i/j(s) (1 - s(S R ))R + *P(s(S R )) 



max ■ 

s >0 



s(S R ) 



holds. Relation (A22) implies that the function R 
s(S R ) strictly monotonically decreases, and s(S R ) > 1 if 
and only if R < H(p). Therefore, 



max 

0<s<l 



(l-s)R-tp(s) 



(1-s(Sr))R+iP(s(S r )) 





max ■ 

S>1 



(l-s)R-ip(s) 



if H(p) < R < logd 
if logfc < R < H{p) 



HH(p) < R < logd 



Note that (1 ~ 1)J ^ (1) = 0. We obtain (|All]), ( |A15| ), 
dAl^ ) and flAl7| ). 

When < R < logfc, Lemma ^ guarantees that the 
RHS of (|A23| ) is positive for any s > 0. Thus, 



sup ■ 

s >o 



(1 -s)R-ip(s) 



lim 

s — >oc 



(1 - s)R-ip(s) 



logai - R, 



(A22) which implies 



(1 - s)R- ib(s) 
max ^ - = 

0<s<l S 



sup ■ 

S>1 



(1 - s)R- ip(s) 



loga! — R. 



We obtain (|A15[ ) and (|A2l| ) 



APPENDIX B: REPRESENTATION 
THEORETICAL TYPE METHODS 

In this section, we prove the following two lemmas 
used in our proof of Lemma |^. We assume that p — 
52j=i a i\ e i)( e i\ an d d is the dimension of TL. 

Lemma 10 The relations 

f ( II \ \ _ d(d+l) 

exp \ nH \ — J J (n + d) 2 
< dim V n 

<(n + d) 2d exp (nH (- 

#{n\neY n }<(n + l) d 
dimW n <(n + l) d 



(Bl) 
(B2) 

(B3) 
(B4) 



hold, where C(n) is defined as 



C(n) 



ni\n 2 \ ■ 



,n d \ 



Proof: Inequality (B3) is trivial. Using Young index 
n, the basis of U n is described by {e n '} n 'gyn, where the 
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set Y n is defined as 



Y n := < n' = {n$} £ Z d 



1 < Vto < d- 1, 

s is any permutation 



Thus, we obtain (B4). Note that the correspondence n' 
and e n ' depends on the choice of Cartan subalgebra, i.e. 
the choice of basis of TL. 

According to Weyl Jl3| , and Iwahori Jll| , the following 
equation holds and is evaluated as: 



dim V n 



(m + d- l)!(n 2 + d-2)!...n d ! 



<- 



n ( "« ".' -t+j) 



\2d 



ij - i + j) 



(B5) 



<C(n)(n + dY 
<(n + d) 2d exp 

Thus, we obtain (|B2|) . As an opposite inequality, we have 

dim V n 
>- 



>- 



(ni + d - iy.(n 2 +d-2)\..,n d \ 



"ni!ri2! . . .rid! \n + d 

did— 1) 



^ \ d-1 / ^ \ rf-2 



n + d 



1 



u 



=C(n) 



1 



> exp ( nH ( — ) ) (n + d) 



n + d, 

d(d+l) 



+ d 

where the last inequality follows from 

^(^ exp (^(3)' 

which is easily proven by the type method || . We obtain 

©■ ■ 

The following is essentially equivalent to Keyl and 

Werner's result fL8| |, For the reader's convenience, we 
give a simpler proof. 

Lemma 11 The following relations 



I d(d+l) 

(n + a) 2 exp 



<TrP n p 



<(n + df d exp(-nD 



n 



n 



d(d+i) I . / n 

[n + d) 2 exp —n mm D — 
\ nen7Jny„ V n 

< Tr P n p®" 



fere 



<(n + d) 4a exp ( -nhrfP>(b||a) ) , 



(B6) 
(B7) 

(B8) 
(B9) 



hold, where 1Z is a subset consisting of probabilities on 
{1, . . . , d} and we denote the projection to W n by P n . 

Proof: Let be an irreducible representation of 
SU(d) in H® n , which is equivalent to U n . We denote its 
projection by P„. Now, we choose the basis {e n <}n'eY" 
of W„ depending the basis {e^} of TL. The base e n < is the 

eigenvector of p® n with the eigenvalue J\i=i a ™' ; - Since 
n' is majorized by n, we can calculate the operator norm 
by 



n / n 



n 

i=l 



(BIO) 



where ||X|| := sup^ from QBJ), (|B5|) and (|B10J) 

the relations 



Tr P nP ® n = dim V n x Tr p®" < (n + d) 3d C(n) J| a™ 1 
= (n + d) 3d Mul(a, n) 



i=l 



hold, where we denote th e m ultinomial distribution of a 
by Mul(a, •). Inequality ( |B3| ) guarantees 

I -^ TF exp(-^(^||a))<Mul(a,n) 

< exp (^—nD ^ — 



Thus, we obtain inequality (B7). Inequality (B3) guar- 
antees that 

V Tr P nP ® n < (n + d) 4d exp ( -n inf Dfblla) ) , 



nen7?.ny„ 



which implies inequality ( |BS| ). From (BIO), we have 
Tr Pnp 65 ™ = dim V n Tr P>®« 

>exp(nPg))(n + d)-^na- 



d(d+i) 
=(n + d) 2 exp 



(-*>(= 



i=l 

a 



Therefore, we obtain inequalities (B6) and (BS 



APPENDIX C: PROOF OF (|l^), @, (Jl6|) AND 



Since 

> J2pi(l - ^TvDoF(i) Pl ) = e b (F,D), 
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the inequalities 



From (D5) and (D2), we have 



re,v,b{R\{Pi,Pi}i£~) > r eiV (R\{pi,pi}. l&E ) (CI) 
r l,v(R\{PnPi}ieB) > r* e ,Vfi( R \{PhPi}i£B) 

hold. Similarly, we can prove that 

re,B,b(R\{pi,Pi}ies) > r e ,B(R\{pi,Pi}iez) 
r* e ,B{R\{Pi>Pi}ies) > r* e B b (R\{p l7Pl } ieS ). 

Using Jensen's inequality, we have 

e(F n ,D n ) =^ Pi (l-TrD n oF n (i) Pi ) 

< 1 - (y2piy/TrD n oF n (i)p^J 

= 1 - (1 - e b (F n ,D n )f < 2e b {F n ,D n ) 

Thus, we obtain the opposite inequality from ( |Cl| ) and 
then obtain (15). Similarly, we can prove (fl4|). 



APPENDIX D: PROOF OF (|3J) 

For any visible code (JC, F, D), we define an operator T 
byT := {D(I)-1 < 0}D{l){D(l)-l < 0}+{D(j)-l > 
0}. The operator inequality 

PpP+(l-P)p(l-P)>±p (Dl) 

holds for any projection P. It is sufficient for (ID lh to 
show the pure state case. The pure state case of (|Dl|) 
is directly proven using the inequality 2(|a;| 2 + |?/| 2 ) > 
\x + y\ 2 for any two complex numbers x, y. Therefore, 

{£>(/) - 1 < 0}D(F(i)){D(l) - 1 < 0} 

+ {£>(/) - 1 > 0}D(F(i)){D(l) - 1 > 0} 



>^D{F(i)). 



(D2) 



The inequality D(l) > D(F(i)) follows from the inequal- 
ity / > F(i). Thus, 

{D(I) - 1 < 0}D(I){D(I) - 1 < 0} 
>{D(I) - 1 < Q}D(F(i)){D(l) - 1 < 0}. (D3) 

From the relations Tr D(F(i)) = 1 and D(F(i)) > 0, 
we can prove 

{£>(/) - 1 > 0} 
>{£>(/) - 1 > 0}D(F(i)){D(l) - 1 > 0}. (D4) 



It follows from (D3) and (D4) that 



{£>(/) - 1 < 0}D(I){D(I) - 1 < 0} + {D(I) - 1 > 0} 
>{D{I) - 1 < 0}D(F(i)){D(l) - 1 < 0} 

+ {£>(/) - 1 > 0}D(F(i)){D(l) - 1 > 0}. (D5) 



T>±D(F(i)). 



(D6) 



Note that 

Tr T < TtD(i) = dim /C. (D7) 

Since / > T > 0, we have 

Tr(p - e x )T < Tv(p - e x ){p - e A > 0} 
<Trp{p-e x > 0}. (D8) 



From (D6), (D7) and (p§), we obtain (Efl 



APPENDIX E: MARKOV INEQUALITY AND 
CRAMER'S THEOREM 



In this section, we summarize Markov inequality and 
Cramer's Theorem which are applied in this paper. Let 
p be a probability distribution and X be a positive real 
valued random variable. For any real number c > 0, we 
can easily prove the inequality 



E P (X) 



>p{X>c}, 



(El) 



where E p presents the expectation under the distribution 
p. This inequality is called Markov inequality. 

This inequality can be used for large deviation evalua- 
tion as follows. Let Y be a real valued random variable. 
In the n-i.i.d. setting, we focus on the random variable. 



n 

Eli 
TT' 



where Yi is the i-th random variable identical to Y. Ap- 
plying Markov inequality for the random variable e tY , 
we have 



p n {Y n > x} =p n {t 



itY" 



> e ntx } < 



i0(t) 



for t > 0, which is equivalent to 

— \ogp n {Y n >x}>tx- cf>(t), 
n 

where (f>(t) := logEp(cxp(tY)). Therefore, 

— logp"{r" >x}> sup(tx - (f>(t)). 
n t>o 

Conversely, the inequality 

lim — \ogp n {Y n >x}< inf I(x) 



(E2) 



(E3) 



holds, where I(x) := sup teR (te — 4>{t))- For a proof of 
dH|), see Chapter II of Bucklew||l. The pair of (|e|) 
and (E3) is called Cramer's Theorem. 
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In the following, we discuss the case <j>(t) is convex and 
differentiable. We define three real numbers 21,2:2 and 
X3 as 

x\ := lim 4> (t), X2 '■= lim <p'(t), X3 := (f> (0). 

£ — >oo £ — > — 00 

For any x G (22, 21), we can uniquely define as 
cc = 4>(t(x)). 

Then, 

/(a;) = sci(a;) - 4>(t(x)), I'{x) = t(x), 



I"(x) = t'(x) 



1 



r{t{x)y 



where the last equation follows from 
dx 



ax 



Thus, we obtain 



lim — logp"{F„ > x} 

n — >oc n 

xt(x) — 4>{t{x)) if X3 < x < x\ 

+00 if a; > X\ 

(j)(0) = if x < x 3 



except for x = x\. 



(E4) 
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